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ABSTRACT
Wepresentanovel algorithmfor thefastcomputationof PageRank,
a hyperlink-basedestimateof the“importance”of Webpages.The
original PageRankalgorithmusesthe Power Method to compute
successive iteratesthatconvergeto theprincipaleigenvectorof the
Markov matrix representingthe Web link graph. The algorithm
presentedhere,calledQuadraticExtrapolation,acceleratesthecon-
vergenceof the Power Methodby periodicallysubtractingoff es-
timatesof thenonprincipaleigenvectorsfrom thecurrentiterateof
thePower Method. In QuadraticExtrapolation,we take advantage
of the fact that the �rst eigenvalue of a Markov matrix is known
to be1 to computethenonprincipaleigenvectorsusingsuccessive
iteratesof the Power Method. Empirically, we show that using
QuadraticExtrapolationspeedsup PageRankcomputationby 50-
300%onaWebgraphof 80million nodes,with minimaloverhead.

1. INTRODUCTION
The PageRankalgorithm for determiningthe “importance” of

Webpageshasbecomeacentraltechniquein Websearch[17]. The
coreof the PageRankalgorithminvolvescomputingthe principal
eigenvectorof theMarkov matrix representingthehyperlinkstruc-
tureof theWeb. As theWebgraphis very large,containingover a
billion nodes,the PageRankvectoris generallycomputedof�ine,
duringthepreprocessingof theWebcrawl, beforeany querieshave
beenissued.

The developmentof techniquesfor computingPageRankef�-
ciently for Web-scalegraphsis importantfor a numberof reasons.
For Webgraphscontainingabillion nodes,computingaPageRank
vectorcantake severaldays.ComputingPageRankquickly is nec-
essaryto reducethelag time from whena new crawl is completed
to whenthat crawl canbe madeavailablefor searching.Further-
more,recentapproachesto personalizedandtopic-sensitive Page-
Rankschemes[11,19,13] requirecomputingmany PageRankvec-
tors,eachbiasedtowardscertaintypesof pages.Theseapproaches
intensifytheneedfor fastermethodsfor computingPageRank.

Eigenvaluecomputationis a well-studiedareaof numericallin-
earalgebrafor which thereexist many fastalgorithms. However,
many of thesealgorithmsareunsuitablefor ourproblemasthey re-
quirematrix inversion,a prohibitively costlyoperationfor a Web-
scalematrix. Here,wepresenta seriesof novel algorithmsdevised
expresslyfor thepurposeof acceleratingtheconvergenceof theit-
erative PageRankcomputation.We show empirically on an 80M
pageWebcrawl thatthesealgorithmsspeedup thecomputationof
PageRankby 50-300%.

2. PRELIMIN ARIES
In this sectionwe summarizethe de�nition of PageRank[17]

andreview someof themathematicaltoolswe will usein analyz-
ing andimproving the standarditerative algorithmfor computing
PageRank.

Underlyingthede�nition of PageRankis thefollowing basicas-
sumption.A link from a pageu ∈ Web to a pagev ∈ Web can
be viewed asevidencethat v is an “important” page. In particu-
lar, theamountof importanceconferredon v by u is proportional
to theimportanceof u andinverselyproportionalto thenumberof
pagesu pointsto. Sincethe importanceof u is itself not known,
determiningthe importancefor every pagei ∈ Web requiresan
iterative �x ed-pointcomputation.

To allow for a morerigorousanalysisof the necessarycompu-
tation, we next describean equivalent formulation in termsof a
randomwalk on thedirectedWebgraphG. Let u → v denotethe
existenceof anedgefrom u to v in G. Let deg(u) betheoutdegree
of pageu in G. Considerarandomsurfervisiting pageu at timek.
In thenext time step,thesurferchoosesa nodevi from amongu's
out-neighbors{v|u → v} uniformly at random.In otherwords,at
time k + 1, thesurferlandsat nodevi ∈ {v|u → v} with proba-
bility 1/ deg(u).

The PageRankof a pagei is de�ned as the probability that at
someparticular time stepk > K, the surfer is at pagei. For
suf�ciently largeK, andwith minor modi�cations to the random
walk, this probability is unique, illustratedas follows. Consider
the Markov chain inducedby the randomwalk on G, wherethe
statesare given by the nodesin G, and the stochastictransition
matrix describingthe transition from j to i is given by P with
Pji = 1/ deg(j). For simplicity andconsistency with prior work,
the remainderof the discussionwill be in termsof the transpose
matrix, M = P T . I.e., the transitionprobabilitydistribution for a
surferatnodei is givenby row i of P , andcolumni of M . For M
to bea valid transitionprobabilitymatrix,every nodemusthave at
least1 outgoingtransition;e.g.,M shouldhave no columnscon-
sistingof all zeros.This holdsif G doesnot have any pageswith
outdegree0, which doesnot hold for the Web graph. M canbe
convertedinto a valid transitionmatrix by addinga completeset
of outgoingtransitionsto pageswith outdegree0. In otherwords,
we cande�ne thenew matrixM ′ whereall stateshave at leastone
outgoingtransitionin the following way. Let n be the numberof
nodes(pages)in the Webgraph. Let ~p be then-dimensionalcol-
umnvectorrepresentinga uniform probabilitydistributionover all
nodes:

~p = [
1

n
]n×1 (1)



~y = cM~x;
w = ||~x||1 − ||~y||1;
~y = ~y + w~p;

Algorithm 1: Computing~y = A~x

Let ~d bethen-dimensionalcolumnvectoridentifying thenodes
with outdegree0:

di =

�
1 if deg(j) = 0,

0 otherwise

ThenweconstructM ′ asfollows:

D = ~p × ~d T

M ′ = M + D

In termsof therandomwalk, theeffect of D is to modify thetran-
sition probabilitiesso thata surfervisiting a danglingpage(i.e., a
pagewith no outlinks)randomlyjumpsto anotherpagein thenext
time step,usingthedistributiongivenby ~p.

By the Ergodic Theoremfor Markov chains[9], the Markov
chainde�ned by M ′ hasa uniquestationaryprobability distribu-
tion if M ′ is aperiodicand irreducible; the former holds for the
Markov chain inducedby the Web graph. The latter holds iff G
is stronglyconnected,which is generallynot thecasefor theWeb
graph. In the context of computingPageRank,the standardway
of ensuringthis propertyis to adda new setof completeoutgoing
transitions,with small transitionprobabilities,to all nodes,creat-
ing a complete(andthusstronglyconnected)transitiongraph. In
matrix notation,we constructthe irreducibleMarkov matrix A as
follows:

E = ~p × [1]1×n

= � 1

n � n×n
if ~p is theuniformdistribution

A = cM ′ + (1 − c)E

In termsof therandomwalk, theeffect of E is asfollows. At each
time step,with probability(1 − c), a surfervisiting any nodewill
jumpto arandomWebpage(ratherthanfollowing anoutlink). The
destinationof the randomjump is chosenaccordingto the proba-
bility distribution given in ~p. Arti�cial jumpstaken becauseof E
arereferredto asteleportation.

By rede�ning thevector~p givenin Equation1 to benonuniform,
sothatD andE addarti�cial transitionswith nonuniformprobabil-
ities, theresultantPageRankvectorcanbebiasedto prefercertain
kindsof pages.For this reason,~p is referredto asthepersonaliza-
tion vector.

Notethattheedgesarti�cially introducedbyD andE neverneed
to beexplicitly materialized,sothis constructionhasno impacton
ef�ciency or thesparsityof thematricesusedin thecomputations.
In particular, thematrix-vectormultiplication~y = A~x canbe im-
plementedef�ciently usingAlgorithm 1.

Assumingthat the probability distribution over the surfer's lo-
cation at time 0 is given by ~x(0), the probability distribution for
the surfer's locationat time k is given by ~x(k) = Ak~x(0). The
uniquestationarydistribution of the Markov chain is de�ned as
limk→∞ x(k), which is equivalent to limk→∞ Akx(0). This is
simply the principal eigenvector of the Markov matrix A, which
is exactly the PageRankvectorwe would like to compute,andis
independentof theinitial distribution~x(0).

ThestandardPageRankalgorithmcomputestheprincipaleigen-
vectorby startingwith ~x(0) = ~p andcomputingsuccessive iterates

~x(k+1) = A~x(k) until convergence. This is known asthe Power
Method,andis discussedin furtherdetail in Section4.

While many algorithmshave beendevelopedfor fasteigenvec-
tor computations,many of them are unsuitablefor this problem
becauseof thesizeandsparsityof theWebmatrix (seeSection8.1
for a discussionof this).

In this paper, we developa fasteigensolver, basedon thePower
Method,that is speci�cally tailoredto thePageRankproblemand
Web-scalematrices. This algorithm,calledQuadraticExtrapola-
tion, acceleratesthe convergenceof the Power Method by peri-
odically subtractingoff estimatesof thenonprincipaleigenvectors
from thecurrentiterate~x(k). In QuadraticExtrapolation,we take
advantageof thefactthatthe�rst eigenvalueof aMarkov matrix is
know to be1 to computeestimatesof thenonprincipaleigenvectors
usingsuccessive iteratesof thePower Method. This allows seam-
lessintegrationinto thestandardPageRankalgorithm. Intuitively,
onemaythink of QuadraticExtrapolationasusingsuccessive iter-
atesgeneratedby thePower Methodto extrapolatethevalueof the
principaleigenvector.

3. EXPERIMENT AL SETUP
In thefollowing sections,wewill beintroducingaseriesof algo-

rithmsfor computingPageRank,anddiscussingtherateof conver-
genceachieved on realisticdatasets.Our experimentalsetupwas
asfollows. We usedtwo datasetsof differentsizesfor our exper-
iments. The STANFORD.EDU link graphwas generatedfrom a
crawl of thestanford.edu domaincreatedin September2002
by theStanfordWebBaseproject.This link graphcontainsroughly
280,000nodes,with 3 million links, and requires12MB of stor-
age. We usedSTANFORD.EDU while developingthealgorithms,
to get a sensefor their performance.For real-world, Web-scale
performancemeasurements,we usedthe LARGEWEB link graph,
generatedfrom a largecrawl of theWeb thathadbeencreatedby
theStanfordWebBaseprojectin January2001[12]. LARGEWEB

containsroughly80M nodes,with closeto a billion links, andre-
quires3.6GBof storage.Both link graphsarestoredusinganadja-
cency list representation,with pagesrepresentedas4-byteintegers.
OnanAMD Athlon 1533MHzmachinewith a6-wayRAID-5 disk
volumeand2GBof mainmemory, eachapplicationof Algorithm 1
on the 80M pageLARGEWEB datasettakes roughly 10 minutes.
Given that computingPageRankgenerallyrequiresup to 100 ap-
plicationsof Algorithm 1, theneedfor fastmethodsis clear.

We measuredtherelative ratesof convergenceof thealgorithms
thatfollow usingtheL1 normof theresidualvector;i.e.,

||Ax(k) − x(k)||1

Wedescribewhy theL1 residualis anappropriatemeasurein Sec-
tion 7.

4. POWER METHOD

4.1 Formulation
One way to computethe stationarydistribution of a Markov

chainis by explicitly computingthedistributionat successive time
stepsfor severaltimesteps,using~x(k+1) = A~x(k), until thedistri-
butionconverges.

This leadsus to Algorithm 2, thePower Methodfor computing
the principal eigenvector of A. The Power Method is the oldest
methodfor computingthe principal eigenvector of a matrix, and
is at the heartof both the motivation and implementationof the
originalPageRankalgorithm(in conjunctionwith Algorithm 1).



function~x(n) = PowerMethod() {
~x(0) = ~p;
repeat

~x(k+1) = A~x(k);
δ = ||t(k+1) − tk||1;

until δ < ε;
}

Algorithm 2: Power Method

Theintuition behindtheconvergenceof thepower mehodis as
follows. For simplicity, assumethat the start vector~x(0) lies in
thesubspacespannedby theeigenvectorsof A.1 Then~x(0) canbe
written asa linearcombinationof theeigenvectorsof A:

~x(0) = ~u1 + α2~u2 + . . . + αm~um (2)

Sinceweknow thatthe�rst eigenvalueof aMarkov matrixλ1 = 1,

~x(1) = A~x(0) = ~u1 + α2λ2~u2 + . . . + αmλm~um (3)

and

~x(n) = An~x(0) = ~u1 + α2λ
n
2~u2 + . . . + αmλn

m~um (4)

Sinceλn ≤ . . . ≤ λ2 < 1, A(n)~x(0) approaches~u1 asn grows
large. Therefore,the Power Method converges to the principal
eigenvectorof theMarkov matrixA.

4.2 Operation Count
A single iteration of the Power Method consistsof the single

matrix-vectormultiply A~x(k). Generally, this is an O(n2) oper-
ation. However, if the matrix-vectormultiply is performedas in
Algorithm 1, thematrixM is sosparsethatthematrix-vectormul-
tiply is essentiallyO(n). In particular, the averageoutdegreeof
pageson the Web hasbeenfound to be around7 [15]. On our
datasets,we observedanaverageof around8 outlinksperpage.

It shouldbenotedthatif λ2 is closeto 1, thenthepower method
is slow to converge,becausen mustbe largebeforeλn

2 is closeto
0.

4.3 Resultsand Discussion
Whenthe teleportprobability1 − c is large (c < .85), andthe

personalizationvector~p is uniformover all pages,theeigengapfor
theMarkov matrix A is large,2 andthePower Methodworks rea-
sonablywell. However, for a large teleportprobability (andwith
a uniform personalizationvector~p), the effect of link spamis in-
creased,andpagescanachieve unfairly high rankings. In the ex-
tremecase,for ateleportprobabilityof 1−c = 1, theassignmentof
rankto pagesbecomesuniform. Chakrabartiet al. [5] suggestthat
c shouldbetunedbasedon theconnectivity of topicson theWeb.
Suchtuninghasgenerallynotbeenpossible,astheconvergenceof
PageRankslows down dramaticallyfor smallvaluesof 1 − c (i.e.,
valuesof c closeto 1).

In Figure1,weshow theconvergenceontheLARGEWEB dataset
of thePowerMethodfor c ∈ {0.90, 0.95} usingauniform~p. Note
that increasingc slows down convergence.Sinceeachiterationof
thePower Methodtakes10 minutes,computing100 iterationsre-
quiresover16hours.NotethattheWebis estimatedto containover
abillion pages;usingthePowerMethodonWebgraphscloseto the
sizeof thefull Webcouldrequireseveraldaysof computation.

1This assumption does not affect convergence guarantees.
2Follows from the Irkhoff Inequality [8].
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Figure 1: Comparison of convergence rate for the standard
Power Method on the LARGEWEB dataset for c = 0.90 and
c = 0.95.

In thenext sections,we describehow to remove theerrorcom-
ponentsof x(k) alongthe directionof ~u2 and~u3, thusincreasing
theeffectivenessof Power Methoditerations.

5. AITKEN EXTRAPOLA TION

5.1 Formulation
Webegin by introducinganalgorithmwhichweshallcall Aitken

Extrapolation. We develop Aitken Extrapolationas follows. We
assumethat the current iterate~x(k) can be expressedas a linear
combinationof the �rst two eigenvectors.This assumptionallows
usto solvefor theprincipaleigenvector~u1 in closedform usingthe
successive iterates~x(k), . . . , ~x(k+2).

Of course,~x(k) canonly beapproximatedasa linearcombina-
tion of the �rst two eigenvectors,so the ~u1 that we computeis
only anestimateof thetrue~u1. However, it canbeseenfrom sec-
tion 4.1 that this approximationbecomesincreasinglyaccurateas
k becomeslarger.

We begin our formulationof AitkenExtrapolationby assuming
that~x(k) canbeexpressedasa linearcombinationof the �rst two
eigenvectors.

~x(k) = ~u1 + α2~u2 (5)

Sincethe�rst eigenvalueλ1 of a Markov matrix is 1, we canwrite
thenext two iteratesas:

~x(k+1) = A~x(k) = ~u1 + α2λ2~u2 (6)

~x(k+2) = A~x(k+1) = ~u1 + α2λ
2
2~u2 (7)

Now, let usde�ne

gi = (x
(k+1)
i − x

(k)
i )2 (8)

hi = x
(k+2)
i − 2x

(k+1)
i + x

(k)
i (9)

wherexi representstheith componentof thevector~x. Doing sim-
plealgebrausingequations6 and7 gives:

gi = α2
2(λ2 − 1)2(u2)

2
i (10)

hi = α2(λ2 − 1)2(u2)i (11)

Now, let usde�ne fi asthequotient gi

hi

:

fi =
gi

hi

=
α2

2(λ2 − 1)2(u2)
2
i

α2(λ2 − 1)2(u2)i

(12)

= α2(u2)i (13)



functionx∗ = Aitken(~x(k)) {

~x(k+1) = A~x(k);
~x(k+2) = A~x(k+1);
for i = 1 : n do

gi = (x
(k+1)
i − x

(k)
i )2 ;

hi = x
(k+2)
i − 2x

(k+1)
i + x

(k)
i ;

(x∗)i = x(k) − gi/hi;
end
}

Algorithm 3: AitkenExtrapolation

Therefore,

~f = α2~u2 (14)

Hence,from equation5, we have a closed-formsolutionfor ~u1:

~u1 = ~x(k) − α2~u2 = ~x(k) − ~f (15)

However, sincethis solutionis basedon the assumptionthat~x(k)

canbe written asa linear combinationof ~u1 and~u2, equation15
givesonly anapproximationto ~u1. Algorithm 3 andAlgorithm 4
show how to useAitkenExtrapolationin conjunctionwith thePower
Methodto getconsistentlybetterestimatesof ~u1.

Aitken Extrapolationis equivalent to applying the well-known
Aitken∆2 methodfor acceleratinglinearlyconvergentsequences[1]
to eachcomponentof the iterate~x(k). What is novel hereis this
derivationof Aitkenacceleration,andtheproof thatAitkenaccel-
erationcomputestheprincipaleigenvectorof a Markov matrix un-
der the assumptionthat the power-iteration estimate~x(k) can be
expressedasa linearcombinationof the�rst two eigenvectors.

As a sidenote,let us brie�y develop a relatedmethod. Rather
thanusingequation8, let usde�ne gi alternatively as:

gi = (x
(k+1)
i − x

(k)
i )(x

(k+2)
i − x

(k+1)
i ) = α2

2λ2(λ2 − 1)2(u2)
2
i

We de�ne h asin equation9, andfi now becomes

fi =
gi

hi

=
α2

2λ2(λ2 − 1)2(u2)
2
i

α2(λ2 − 1)2(u2)i

= α2λ2(u2)i

Therefore,

~f = α2λ2~u2

By equation6,

~u1 = x(k+1) − α2λ2~u2 = ~x(k+1) − ~f

Again, this is an approximationto ~u1, sinceit' s basedon the as-
sumptionthat ~x(k) can be expressedas a linear combinationof
~u1 and~u2. What is interestinghere is that this is equivalent to
performinga second-orderepsilonaccelerationalgorithmon each
componentof theiterate~x(k). Theepsilonalgorithmis introduced
in [21].

5.2 Operation Count
In orderfor anextrapolationmethodsuchasAitkenExtrapola-

tion or EpsilonExtrapolationto beuseful,theoverheadshouldbe
minimal. By overhead,we meanany costsin additionto thecost
of applyingAlgorithm 1 to generateiterates. The �rst two steps
of Algorithm 3 carry forward thePower Methodfor two steps,so
theoperationcountof theloop thatfollows givesustheadditional
overheadfor theextrapolationstepitself. It is clearfrom inspection
thattheoperationcountof thisloopisO(n), wheren is thenumber

function~x(n) = AitkenPowerMethod() {

~x(0) = ~e;
repeat

~x(k+1) = A~x(k);
δ = ||t(k+1) − tk||1;
periodically, ~x(k+2) = Aitken(~x(k));

until δ < ε;
}

Algorithm 4: Power Methodwith AitkenExtrapolation
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Figure 2: Comparison of convergence rate for unacceler-
ated Power Method and Aitken Extrapolation on the STAN-
FORD.EDU dataset, for c = 0.99. Extrapolation was applied
every 10th iteration.

of pagesin theWeb. Theadditionaloperationcountof oneextrap-
olationstepis lessthantheoperationcountof a singleiterationof
thePower Method,andsinceAitkenExtrapolationmaybeapplied
only periodically, we say that Aitken Extrapolationhasminimal
overhead. In our implementation,the additionalcostof eachap-
plicationof AitkenExtrapolationwasnegligible – about1%of the
costof a singleiterationof thePower Method(e.g.,1%of thecost
of Algorithm 1).

5.3 Resultsand Discussion
In Figure 2, we show the convergenceof the Power Method

with AitkenExtrapolationappliedonceat the10th iteration,com-
paredto the convergenceof the unacceleratedPower Method for
the STANFORD.EDU dataset.The x-axis denotesthe numberof
timesa multiplicationA~x occurred;e.g.,thenumberof timesAl-
gorithm 1 was needed.Note that thereis a spike at the acceler-
ation step,but speedupoccursnevertheless.This is becausethe
secondeigenvalueof theWebmatrix is likely complex. If thesec-
ond eigenvalueλ2 of A is complex, thenthe third eigenvalueλ3

is the complex conjugateof λ2. Therefore,|λ3| = |λ2| andthe
approximationgivenin equation5 is a poorone.

While ourapproximationfor u2 is apoorone,it hascomponents
in thedirectionof therealpartof u2, andsosubtractingit off does
speedup the convergenceof the Power Methodafter a few itera-
tions. For c = 0.99, Aitken Extrapolationtakes38%lesstime to
reachan iteratewith a residualof 0.01. However, after this ini-
tial speedup,the convergenceratefor Aitken slows down, so that
to reachaniteratewith a residualof 0.002, thetime savingsdrops
to 13%. For lower valuesof c, Aitkenprovidedmuchlessbene�t.
Sincethereis a spike in the residualgraph,if Aitken Extrapola-
tion is appliedtoo often, the power iterationswill not converge.
For thesereasons,AitkenandEpsilonAccelerationarenotassuit-
able,for matriceswhosesecondeigenvalueis complex, asthenext



methodwe discuss.
In the next section,we presentquadraticextrapolation,which

addressesthisproblemby assuming~x(k) canbeexpressedasa lin-
earcombinationof the �rst three eigenvectors,andsolving for ~u1

in closedform underthis assumption.

6. QUADRATIC EXTRAPOLA TION

6.1 Formulation
We develop the QuadraticExtrapolationalgorithm as follows.

We assumethattheMarkov matrix A hasonly 3 eigenvectors,and
that thecurrentiterate~x(k) canbeexpressedasa linearcombina-
tion of these3 eigenvectors.Theseassumptionsallow us to solve
for theprincipaleigenvector~u1 in closedform usingthesuccessive
iterates~x(k), . . . , ~x(k+3).

Of course,A hasmorethan3 eigenvectors,and~x(k) canonly
beapproximatedasalinearcombinationof the�rst threeeigenvec-
tors.Therefore,the~u1 thatwecomputein thisalgorithmis only an
estimatefor thetrue~u1. Weshow empiricallythatthisestimateis a
betterestimateto ~u1 thanthecurrentiterate~x(k), andthatouresti-
matebecomescloserto thetruevalueof ~u1 ask becomeslarger. In
Section6.3 we show that by periodicallyapplyingQuadraticEx-
trapolationto the successive iteratescomputedin PageRank,for
valuesof c closeto 1, we canspeedup the convergenceof Page-
Rankby a factorof over 3.

We begin our formulationof QuadraticExtrapolationby assum-
ing thatA hasonly threeeigenvectors~u1, . . . , ~u3 andapproximat-
ing ~x(k) asa linearcombinationof thesethreeeigenvectors.

~x(k) = ~u1 + α2~u2 + α3~u3 (16)

We thende�ne thesuccessive iterates

~x(k+1) = A~x(k) (17)

~x(k+2) = A~x(k+1) (18)

~x(k+3) = A~x(k+2) (19)

Sincewe assumeA has3 eigenvectors,the characteristicpolyno-
mial pA(λ) is givenby:

pA(λ) = γ0 + γ1λ + γ2λ
2 + γ3λ

3 (20)

A is a Markov matrix, so we know that the �rst eigenvalueλ1 =
1. The eigenvaluesof A are also the zerosof the characteristic
polynomialpA(λ). Therefore,

pA(1) = 0 ⇒ γ0 + γ1 + γ2 + γ3 = 0 (21)

The Cayley-Hamilton Theoremstatesthat any matrix A satis�es
it' s own characteristicpolynomialpA(A) = 0 [8]. Therefore,by
theCayley-HamiltonTheorem,for any vectorz in � n ,

pA(A)z = 0 ⇒ [γ0I + γ1A + γ2A
2 + γ3A

3]z = 0 (22)

Lettingz = ~x(k),

[γ0I + γ1A + γ2A
2 + γ3A

3]~x(k) = 0 (23)

Fromequations17–19,

γ0~x
(k) + γ1~x

(k+1) + γ2~x
(k+2) + γ3~x

(k+3) = 0 (24)

Fromequation21,

~x(k)(−γ1−γ2−γ3)+γ1~x
(k+1)+γ2~x

(k+2)+γ3~x
(k+3) = 0 (25)

We mayrewrite this as,

(~x(k+1) − ~x(k))γ1 + (~x(k+2) − ~x(k))γ2 + (~x(k+3) − ~x(k))γ3 = 0
(26)

Let usmake thefollowing de�nitions:

~y(k+1) = ~x(k+1) − ~x(k) (27)

~y(k+2) = ~x(k+2) − ~x(k) (28)

~y(k+3) = ~x(k+3) − ~x(k) (29)

We cannow write equation26 in matrix notation:�
~y(k+1) ~y(k+2) ~y(k+3) � ~γ = 0 (30)

Wenow wishto solvefor ~γ. Sincewe'renot interestedin thetrivial
solution~γ = 0, we constraintheleadingtermof thecharacteristic
polynomialγ3:

γ3 = 1 (31)

We may do this becauseconstraininga single coef�cient of the
polynomial doesnot affect the zeros.3 Equation30 is therefore
written: �

~y(k+1) ~y(k+2) ��� γ1

γ2 � = −~y(k+3) (32)

This is an overdeterminedsystem,so we solve the corresponding
least-squaresproblem.� γ1

γ2 � = Y +~y(k+3) (33)

whereY + is thepseudoinverseof thematrixY =
�

~y(k+1) ~y(k+2) � .
Now, equations31, 33, and 21 completelydeterminethe coef�-
cientsof thecharacteristicpolynomialpA(λ) (equation20).

Wemaynow dividepA(λ) byλ−1 to getthepolynomialqA(λ),
whoserootsareλ2 andλ3, thesecondtwo eigenvaluesof A.

qA(λ) =
γ0 + γ1λ + γ2λ

2 + γ3λ
3

λ − 1
= β0 + β1λ + β2λ

2 (34)

Simplepolynomialdivisiongivesthefollowingvaluesfor β0, β1,
andβ2:

β0 = γ1 + γ2 + γ3 (35)

β1 = γ2 + γ3 (36)

β2 = γ3 (37)

Again, by the Cayley-Hamilton Theorem,if z is any vector in� n ,

qA(λ)z = ~u1 (38)

where~u1 is theeigenvectorof A correspondingto eigenvalue1 (the
principaleigenvector).Lettingz = ~x(k+1),

~u1 = qA(λ)~x(k+1) = [β0I + β1A + β2A
2]~x(k+1) (39)

Fromequations17-19,we geta closedform solutionfor ~u1:

~u1 = β0~x
(k+1) + β1~x

(k+2) + β2~x
(k+3) (40)

However, sincethis solutionis basedon theassumptionthatA has
only 3 eigenvectors,equation40 gives only an approximationto
~u1.

Algorithms 5 and 6 show how to useQuadraticExtrapolation
in conjunctionwith the Power Method to get consistentlybetter
estimatesof ~u1.
3I.e., equation 31 fixes a scaling for ~
 .



functionx∗ = QuadraticExtrapolation(~x(k)) {

~x(k+1) = A~x(k);
~x(k+2) = A~x(k+1);
~x(k+3) = A~x(k+2);
for j = k + 1 : k + 3 do

~y(j) = ~x(j) − ~x(k);
end
Y =

�
~y(k+1) ~y(k+2) � ;

γ3 = 1;� γ1

γ2 � = −Y +~y(k+3);

γ0 = −(γ1 + γ2 + γ3);
β0 = γ1 + γ2 + γ3 ;
β1 = γ2 + γ3 ;
β2 = γ3 ;
~x∗ = β0~x

(k+1) + β1~x
(k+2) + β2~x

(k+3);
}

Algorithm 5: QuadraticExtrapolation

function~x(n) = QuadraticPowerMethod() {

~x(0) = ~e;
repeat

~x(k+1) = A~x(k);
δ = ||t(k+1) − tk||1;
periodically, ~x(k+3) = QuadraticExtrapolation(~x(k));

until δ < ε;
}

Algorithm 6: Power Methodwith QuadraticExtrapolation

6.2 Operation Count
The�rst twostepsof Algorithm6 carryforwardthePowerMethod

for two iterations.The additional overheadof performingthe ex-
trapolationstepcomesprimarily from the least-squarescomputa-
tion of γ1 andγ2: � γ1

γ2 � = −Y +~y(k+3)

It is clearthat the otherstepsin this algorithmareeitherO(1) or
O(n) operations.

SinceY is ann× 2 matrix,wecando theleast-squaressolution
cheaplyin just 2 iterationsof the Gram-Schmidtalgorithm [20].
Therefore,γ1 andγ2 canbecomputedin O(n) operations.While
a presentationGram-Schmidtis outsideof thescopeof this paper,
we show in Algorithm 7 how to applyGram-Schmidtto solve for
[γ1γ2]

T in O(n) operations.Sincetheextrapolationstepis on the
orderof asingleiterationof thePowerMethod,andsinceQuadratic
Extrapolationisappliedonly periodicallyduringthePowerMethod,
we say that QuadraticExtrapolationhas minimal overhead. In
our experimentalsetup, the overheadof a single applicationof
QuadraticExtrapolationis half the costof a standardpower iter-
ation(e.g.,half thecostof Algorithm 1). Thisnumberincludesthe
costof storingon disk theintermediatedatarequiredby Quadratic
Extrapolation(suchasthepreviousiterates),sincethey maynot �t
in mainmemory.

6.3 Resultsand Discussion
Of thealgorithmswehavediscussedfor acceleratingtheconver-

genceof PageRank,QuadraticExtrapolationperformsthebestem-
pirically. In particular, QuadraticExtrapolationconsiderablyim-
provesconvergencerelative to thePower Methodwhenthedamp-

1. Computethe reducedQR factorizationY = QR using2
stepsof Gram-Schmidt.

2. Computethevector−QT y(k+3)

3. Solve the upper triangular system R � γ1

γ2 � =

−QT y(k+3) for � γ1

γ2 � usingbacksubstitution.

Algorithm 7: UsingGram-Schmidtto solve for γ1 andγ2.
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Figure 3: Comparison of convergence rates for Power Method
and Quadratic Extrapolation on LARGEWEB for c = 0.90.
Quadratic Extrapolation was applied the first 5 times that three
successive power iterates were available.

ing factorc is closeto1. Wemeasuredtheperformanceof Quadratic
Extrapolationundervariousscenarioson theLARGEWEB dataset.
Figure 3 shows the ratesof convergencewhen c = 0.90; after
factoring in overhead,QuadraticExtrapolationreducesthe time
neededto reacha residualof 0.001 by 23%.4 Figure4 shows the
ratesof convergencewhenc = 0.95; in this case,QuadraticEx-
trapolationspeedsup convergencemoresigni�cantly, saving 31%
in thetime neededto reacha residualof 0.001. Finally, in thecase
wherec = 0.99, the speedupis moredramatic. Figure5 shows
the ratesof convergenceof the Power MethodandQuadraticEx-
trapolationfor c = 0.99. BecausethePower Methodis soslow to
converge, in this case,we plot the curvesuntil a residualof 0.01
is reached.Theuseof extrapolationsaves69%in time neededto
reacharesidualof 0.01; i.e.,theunacceleratedPowerMethodtook
over3 timesaslongastheQuadraticExtrapolationmethodto reach
thedesiredresidual.

Figure6 shows the convergencefor the Power Method,Aitken
Extrapolation,andQuadraticExtrapolationontheSTANFORD.EDU
dataset;eachmethodwascarriedout to 200iterations.To reacha
residualof 0.01, QuadraticExtrapolationsaved 59% in time over
thePowerMethod,asopposedto a38%savingsfor AitkenExtrap-
olation.

An importantobservation aboutQuadraticExtrapolationis that
it doesnotnecessarilyneedto beappliedtoooftento achieve max-
imum bene�t. By contractingtheerror in thecurrentiteratealong
the directionof the secondandthird eigenvectors,QuadraticEx-
trapolationactually enhancesthe convergenceof future applica-
tions of the standardPower Method. The Power Method,asdis-
cussedpreviously, is very effective in annihilatingerror compo-
nentsof theiteratein directionsalongeigenvectorswith smalleigen-

4The time savings we give factor in the overhead of applying extrapolation,
and represent “wall-clock” time savings.
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Figure 4: Comparison of convergence rates for Power Method
and Quadratic Extrapolation on LARGEWEB for c = 0.95.
Quadratic Extrapolation was applied 5 times.
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Figure 5: Comparison of convergence rates for Power Method
and Quadratic Extrapolation when c = 0.99. Quadratic Ex-
trapolation was applied all 11 times possible.

values.By subtractingoff approximationsto thesecondandthird
eigenvectors,QuadraticExtrapolationleaveserrorcomponentspri-
marily alongthesmallereigenvectors,which thePower Methodis
betterequippedto eliminate.

For instance,in Figure7,weplot theconvergencewhenQuadratic
Extrapolationis applied5 timescomparedwith whenit is applied
asoften aspossible(in this case,14 times), to achieve a residual
of 0.001. Note that the additionalapplicationsof QuadraticEx-
trapolationdo not leadto muchfurtherimprovement.In fact,once
we factorin the0.5 iteration-costof eachapplicationof Quadratic
Extrapolation,thecasewhereit wasapplied5 timesendsup being
faster.

Onethingthatis interestingto noteis thatsinceaccelerationmay
be appliedperiodicallyduringany iterative processthatgenerates
iterates~x(k) that converge to the principal eigenvector ~u1 , it is
straightforwardto useQuadraticExtrapolationin conjunctionwith
othermethodsfor acceleratingPageRank,suchasGauss-Seidel[2].

7. MEASURES OF CONVERGENCE
In this section,we presentempirical resultsdemonstratingthe

suitabilityof theL1 residual,evenin thecontext of measuringcon-
vergenceof induced document rankings. In measuringthe con-
vergenceof thePageRankvector, prior work hasusuallyreliedon
δt = ||Ax(k) − x(k)||p, the Lp norm of the residualvector, for
p = 1 or p = 2, asanindicatorof convergence.Giventheintended
application,we might expectthata bettermeasureof convergence
is thedistance,usinganappropriatemeasureof distance,between
therankordersfor queryresultsinducedby Ax(k) andx(k). In par-
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Figure 6: Comparison of convergence rates for Power Method,
Aitken Extrapolation, and Quadratic Extrapolation on the
STANFORD.EDU dataset for c = 0.99. Aitken Extrapolation
was applied every 10th iteration, Quadratic Extrapolation was
applied every 15th iteration. Quadratic Extrapolation per-
forms the best by a considerable degree. Aitken suffers from
a large spike in the residual when first applied.
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Figure 7: Comparison of convergence rates for Quadratic Ex-
trapolation on LARGEWEB for c = 0.95, under two scenarios:
Extrapolation was applied the first 5 possible times in one case,
and all 14 possible times in the other. Applying it only 5 times
achieves nearly the same benefit in this case.

ticular, we de�ne below a distancemeasure,KDist, basedon the
Kendall's-τ rankcorrelationmeasure,for comparinginducedrank
orders.To seeif theresidualis a “good” measureof convergence,
we comparedit to theKDist of rankingsgeneratedby Ax(k) and
x(k). We show empirically that in the caseof PageRankcompu-
tations,whenusingthe L1 norm, δt is nearlyperfectlycorrelated
with theKDist distancebetweenqueryresultsgeneratedusingthe
valuesin Ax(k) andx(k).

Wede�ne thedistancemeasure,KDist asfollows. Considertwo
partially orderedlists of URLs,τ andτq, eachof lengthm. Let U
be the union of the URLs in τ andτq. If δ is U − τ , thenlet τ ′

be the extensionof τ , whereτ ′ containsδ appearingafter all the
URLs in τ .5 We extendτq analogouslyto yield τ ′

q. KDist is then
de�ned as:

KDist(τ, τq) =

|{(u, v) : τ ′, τ ′

q disagreeonorderof (u, v), u 6= v}|

(|U |)(|U | − 1|)
(41)

In otherwords,KDist(τ, τq) is theprobability thatτ ′ andτ ′

q dis-
agreeontherelativeorderingof arandomlyselectedpairof distinct

5The URLs within � are not ordered with respect to one another.
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Figure 8: Comparison of the L1 residual vs. KDist residual of
PageRank iterates. Note that the two curves nearly perfectly
overlap, suggesting that in the case of PageRank, the easily cal-
culated L1 residual is a good measure for the convergence of
query-result rankings.

nodes(u, v) ∈ U × U . An analysisof variousmeasuresbasedon
Kendall's-τ for comparingtop-k lists is givenby Faginetal. in [7].

To measuretheconvergenceof PageRankiterationsin termsof
inducedrank orders,we measuredthe KDist distancebetween
the inducedrankingsfor the top 1,000results,averagedacross86
test queries,usingsuccessive power iteratesfor the LARGEWEB

dataset,with the dampingfactorc setto 0.9. The averageKDist
values,aswell asthestandardresidualvalueδt, normalizedsothat
δ0 is 1, areplottedin Figure8. Interestingly, δ is almostperfectly
correlatedwith KDist. Faginet al. show in [7] thatdistancemea-
suresbasedonKendall's-τ areboundedby atruemetric,providing
insightasto why theresultsof Figure8 areto beexpected.

8. RELATED WORK

8.1 Fast Eigenvector Computation
The�eld of numericallinearalgebrais a mature�eld, andmany

algorithmshave beendevelopedfor fasteigenvectorcomputations.
However, many of thesealgorithmsareunsuitablefor thisproblem,
becausethey requirematrix inversionsor matrix decompositions
thatareprohibitively expensive(bothin termsof sizeandspace)for
a matrixof thesizeandsparsityof theWeb-linkmatrix. For exam-
ple, inverse iteration will �nd theprincipaleigenvectorof A in one
iteration,sinceweknow the�rst eigenvalue.However, inverseiter-
ationrequirestheinversionof A, whichis anO(n3) operation.The
QR Algorithm with shifts is alsoa standardfastmethodfor solving
nonsymmetriceigenvalueproblems.However, the QR Algorithm
requiresa QR factorizationof A at eachiteration,which is alsoan
O(n3) operation.TheArnoldi algorithmis alsooftenusedfor non-
symmetriceigenvalueproblems.However, thestrengthof Arnoldi
is that it quickly computesestimatesto the �rst few eigenvalues.
Onceit hasa goodestimateof the eigenvalues,it usesinverseit-
erationto �nd the correspondingeigenvectors. In the PageRank
problem,we know that the �rst eigenvalueof A is 1, sinceA is a
Markov matrix,sowe don't needArnoldi to give usanestimateof
λ1. For a comprehensive review of thesemethods,see[8].

However, thereis a classof methodsfrom numericallinear al-
gebrathatareusefulfor this problem. We mayrewrite theeigen-
problemA~x = ~x asthelinearsystemof equations:(I −A)~x = 0,
andusethe classicaliterative methodsfor linear systems:Jacobi,
Gauss-Seidel,andSuccessive Overrelaxation(SOR).For the ma-
trix A in the PageRankproblem,the Jacobimethodis equivalent
to the Power method,but Gauss-Seidelis guaranteedto be faster.

This hasbeenshown empirically for the PageRankproblem[2]
for the caseof Gauss-Seidel.Note, however, that to useGauss-
Seidel,we would have to sort the adjacency-list representationof
the Web graph,so that back-linksfor pages,ratherthanforward-
links, arestoredconsecutively. The myriad of multigrid methods
arealsoapplicableto thisproblem.For areview of multigrid meth-
ods,see[16].

8.2 PageRank
Seminalalgorithmsfor graphanalysisfor Web-searchwerein-

troducedbyPageetal. [17] (PageRank)andKleinberg [14] (HITS).
Much additional work has beendone on improving thesealgo-
rithmsandextendingthemto new searchandtext mining tasks[4,
6, 18, 3, 19, 11]. More applicableto our work are several pa-
perswhich discussthecomputationof PageRankitself [10, 2, 13].
Haveliwala [10] exploresmemory-ef�cient computation,andsug-
gestsusing inducedorderings,rather than residuals,to measure
convergence. Arasu et al. [2] usesthe Gauss-Seidelmethodto
speedup convergence,andlooksat possiblespeed-upsby exploit-
ing structuralpropertiesof the Web graph. JehandWidom [13]
exploretheuseof dynamicprogrammingto computea largenum-
berof personalizedPageRankvectorssimultaneously. Ourwork is
the�rst to exploit extrapolationtechniquesspeci�cally designedto
speedup theconvergenceof PageRank,with very little overhead.

9. CONCLUSION
Websearchhasbecomean integral partof moderninformation

access,posingmany interestingchallengesin developingeffective
andef�cient strategiesfor rankingsearchresults.Oneof themost
well-known Web-speci�crankingalgorithmsis PageRank– atech-
nique for computingthe authoritativenessof pagesusing the hy-
perlink graphof the Web. Although PageRankis largely an of-
�ine computation,performedwhile preprocessingandindexing a
Webcrawl, beforeany querieshave beenissued,it hasbecomein-
creasinglydesirableto speedupthiscomputation.Rapidlygrowing
crawl repositories,increasingcrawl frequencies,andthe desireto
generatemultiple topic-basedPageRankvectorsfor eachcrawl are
all motivatingfactorsfor our work in speedingup PageRankcom-
putation.

QuadraticExtrapolationis an implementationallysimple tech-
niquethat requireslittle additionalinfrastructureto integrateinto
the standardPower Method. No sorting or modi�cations to the
massive Web graphare required. Additionally, the extrapolation
stepneedonly beappliedperiodicallyto enhancetheconvergence
of PageRank.In particular, QuadraticExtrapolationworksby elim-
inating the bottleneckfor the Power Method,namelythe second
andthird eigenvectorcomponentsin thecurrentiterate,thusboost-
ing theeffectivenessof thesimplePower Methoditself.
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