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ABSTRACT

We presentainovel algorithmfor thefastcomputatiorof PageRank,
ahyperlink-baseestimateof the“importance”of WebpagesThe
original PageRankalgorithm usesthe Paver Methodto compute
successie iterateshatcorvergeto the principal eigervectorof the
Markov matrix representinghe Web link graph. The algorithm
presentedhere calledQuadraticExtrapolationacceleratethecon-
vergenceof the Paver Method by periodically subtractingoff es-
timatesof the nonprincipaleigevectorsfrom the currentiterateof
the Paver Method. In QuadraticExtrapolationwe take advantage
of the factthatthe rst eigewalue of a Markov matrix is knovn
to be 1 to computethe nonprincipaleigevectorsusingsuccessie
iteratesof the Paver Method. Empirically, we shawv that using
QuadraticExtrapolationspeedsip PageRankcomputationby 50-
300%onaWebgraphof 80 million nodeswith minimal overhead.

1. INTRODUCTION

The PageRankalgorithm for determiningthe “importance” of
Webpagesasbecomea centraltechniquen WebsearcH17]. The
core of the PageRanlkalgorithminvolves computingthe principal
eigervectorof the Markov matrix representinghe hyperlink struc-
ture of theWeh As the Webgraphis very large, containingover a
billion nodes.the PageRankvectoris generallycomputedof ine,
duringthepreprocessingf theWebcrawl, beforeary querieshave
beenissued.

The developmentof techniquesfor computingPageRankef -
ciently for Web-scalggraphsis importantfor a numberof reasons.
For Webgraphscontainingabillion nodescomputinga PageRank
vectorcantake severaldays.ComputingPageRanlquickly is nec-
essanyto reducethe lag time from whenanew crawl is completed
to whenthat cravl canbe madeavailable for searching.Further
more, recentapproacheso personalizecindtopic-sensitre Page-
Rankscheme$11, 19, 13] requirecomputingmany PageRank/ec-
tors, eachbiasedtowardscertaintypesof pagesTheseapproaches
intensify the needfor fastermethodsfor computingPageRank.

Eigervaluecomputationis a well-studiedareaof numericallin-
earalgebrafor which thereexist mary fastalgorithms. However,
mary of thesealgorithmsareunsuitablefor our problemasthey re-
quire matrix inversion,a prohibitively costly operationfor a Web-
scalematrix. Here,we present seriesof novel algorithmsdevised
expresslyfor the purposeof acceleratinghe convergenceof theit-
eratve PageRankcomputation. We shav empirically on an 80M
pageWebcraw! thatthesealgorithmsspeedup the computatiorof
PageRanky 50-300%.

Gene H. Golub
Stanford University
golub@stanford.edu

Christopher D. Manning
Stanford University
manning@cs.stanford.edu

2. PRELIMIN ARIES

In this sectionwe summarizethe de nition of PageRank17]
andreview someof the mathematicatools we will usein analyz-
ing andimproving the standardterative algorithmfor computing
PageRank.

Underlyingthede nition of PageRanks thefollowing basicas-
sumption. A link from apageu € Web to apagev € Web can
be viewed asevidencethat v is an “important” page. In particu-
lar, the amountof importanceconferredon v by w is proportional
to theimportanceof « andinverselyproportionatfto the numberof
pagesu pointsto. Sincethe importanceof v is itself not known,
determiningthe importancefor every pagei € Web requiresan
iterative x ed-pointcomputation.

To allow for a morerigorousanalysisof the necessargompu-
tation, we next describean equivalent formulationin termsof a
randomwalk on the directedWebgraphG. Let u — v denotethe
existenceof anedgefrom u tov in G. Letdeg(u) betheoutderee
of pageu in G. Considermrandomsurfervisiting pageu attime .
In thenext time step,the surferchooses nodew; from amongu's
out-neighborgv|u — v} uniformly atrandom.In otherwords, at
time k + 1, thesurferlandsat nodev; € {v|u — v} with proba-
bility 1/ deg(u).

The PageRanlkof a page: is de ned asthe probability that at
someparticulartime stepk > K, the surferis at pagei. For
sufciently large K, andwith minor modi cations to the random
walk, this probability is unique, illustratedas follows. Consider
the Markov chaininducedby the randomwalk on GG, wherethe
statesare given by the nodesin G, and the stochastidransition
matrix describingthe transitionfrom 5 to 7 is given by P with
P;; = 1/ deg(j). For simplicity andconsisteng with prior work,
the remainderof the discussiorwill bein termsof the transpose
matrix, M = PT. l.e., thetransitionprobability distribution for a
surferatnode: is givenby row ¢ of P, andcolumn: of M. For M
to beavalid transitionprobability matrix, every nodemusthave at
leastl outgoingtransition;e.g., M shouldhave no columnscon-
sistingof all zeros. This holdsif G doesnot have ary pageswith
outdegree0, which doesnot hold for the Web graph. M canbe
corvertedinto a valid transitionmatrix by addinga completeset
of outgoingtransitionsto pageswith outdegree0. In otherwords,
we cande ne thenew matrix M’ whereall stateshave atleastone
outgoingtransitionin the following way. Let n be the numberof
nodes(pages)n the Web graph. Let 5 be the n-dimensionalkol-
umnvectorrepresenting uniform probability distribution over all
nodes:

7= ®



Algorithm 1: Computingy = AZ

Let d bethe n-dimensionaktolumnvectoridentifying the nodes
with outdeyree0:

1 if deg(j) =0,
d; = )
0 otherwise

Thenwe constructd” asfollows:
D =px dT
M =M+D

In termsof therandomwalk, the effect of D is to modify thetran-
sition probabilitiesso that a surfervisiting a danglingpage(i.e., a
pagewith no outlinks)randomlyjumpsto anothempagein the next
time step,usingthedistribution givenby p.

By the Ergodic Theoremfor Markov chains[9], the Markov
chainde ned by M’ hasa uniquestationaryprobability distribu-
tion if M’ is aperiodicandirreducible;the former holds for the
Markov chaininducedby the Web graph. The latter holdsiff G
is stronglyconnectedwhich is generallynot the casefor the Web
graph. In the context of computingPageRankthe standardway
of ensuringthis propertyis to adda nev setof completeoutgoing
transitions,with smalltransitionprobabilities,to all nodes,creat-
ing a complete(andthusstrongly connected}ransitiongraph. In
matrix notation,we constructthe irreducibleMarkov matrix A as
follows:

E :ﬁX []—]1><77,
1

[E]an

A=cM' +(1—-c)E

if p is theuniformdistribution

In termsof therandomwalk, theeffect of E is asfollows. At each
time step,with probability (1 — ¢), a surfervisiting ary nodewill
jumpto arandomWeb page(ratherthanfollowing anoutlink). The
destinationof the randomjump is chosenaccordingto the proba-
bility distribution givenin p. Arti cial jumpstakenbecausef F
arereferredto asteleportation.

By rede ningthevectorp givenin Equationl to benonuniform,
sothatD andE addarti cial transitionswith nonuniformprobabil-
ities, the resultantPageRankvectorcanbe biasedto prefercertain
kinds of pages.For thisreasony’is referredto asthe personaliza-
tion vector

Notethattheedgesarti cially introducedby D andFE neverneed
to be explicitly materializedsothis constructiorhasno impacton

ef ciency or the sparsityof the matricesusedin the computations.

In particular the matrix-vectormultiplicationy = A% canbeim-
plementedef ciently usingAlgorithm 1.

Assumingthat the probability distribution over the surfer's lo-
cationat time 0 is given by #(*), the probability distribution for
the surfers locationat time k is givenby z® = A*z® . The
unique stationarydistribution of the Markov chainis de ned as
limg 0 ¥, which is equivalent to limg .. A*z(?. This is
simply the principal eigervector of the Markov matrix A, which
is exactly the PageRankvectorwe would like to compute,andis
independenof theinitial distribution #(©.

ThestandardPageRanlalgorithmcomputeghe principaleigen-
vectorby startingwith Z(®) = 7 andcomputingsuccessie iterates

2+ = Az® until corvergence. This is knavn asthe Paver
Method,andis discussedh furtherdetailin Sectiord.

While mary algorithmshave beendevelopedfor fasteigervec-
tor computationsmary of them are unsuitablefor this problem
becausef the sizeandsparsityof the Webmatrix (seeSection8.1
for adiscussiorof this).

In this paper we develop a fasteigensoler, basedon the Pawer
Method,thatis speci cally tailoredto the PageRankproblemand
Web-scalematrices. This algorithm, called QuadraticExtrapola-
tion, accelerateshe convergenceof the Pover Method by peri-
odically subtractingoff estimatef the nonprincipaleigervectors
from the currentiteratez®). In QuadraticExtrapolationwe take
adwantageof thefactthatthe rst eigervalueof aMarkov matrixis
know to be 1 to computeestimate®f thenonprincipakigervectors
usingsuccessie iteratesof the Paver Method. This allows seam-
lessintegrationinto the standard?ageRanlkalgorithm. Intuitively,
onemaythink of QuadraticExtrapolationasusingsuccessie iter-
atesgeneratedby the Pover Methodto extrapolatethe valueof the
principaleigervector

3. EXPERIMENTAL SETUP

In thefollowing sectionswewill beintroducinga seriesof algo-
rithmsfor computingPageRankanddiscussingherateof corver
genceachieved on realisticdatasets.Our experimentalsetupwas
asfollows. We usedtwo dataset®f differentsizesfor our exper
iments. The STANFORD.EDU link graphwas generatedrom a
crawl of the stanford.edu domaincreatedn Septembe002
by the StanfordwWebBaseproject. This link graphcontaingoughly
280,000n0des,with 3 million links, and requires12MB of stor
age. We usedSTANFORD.EDU while developingthe algorithms,
to get a sensefor their performance. For real-world, Web-scale
performanceneasurementsye usedthe LARGEWEB link graph,
generatedrom a large crawl of the Webthathadbeencreatedby
the StanfordWebBaseprojectin January2001[12]. LARGEWEB
containsroughly 80M nodes with closeto a billion links, andre-
quires3.6GBof storage Both link graphsarestoredusinganadja-
ceng list representationyith pagesepresenteds4-byteintegers.
OnanAMD Athlon 1533MHzmachinewith a6-way RAID-5 disk
volumeand2GB of mainmemory eachapplicationof Algorithm 1
on the 80M pageL ARGEWEB datasetakes roughly 10 minutes.
Given that computingPageRanlgenerallyrequiresup to 100 ap-
plicationsof Algorithm 1, the needfor fastmethodss clear

We measuredherelative ratesof corvergenceof thealgorithms
thatfollow usingtheL; normof theresidualvector;i.e.,

142 2,

We describewhy the L residualis anappropriataneasuren Sec-
tion7.

4. POWER METHOD

4.1 Formulation

One way to computethe stationarydistribution of a Markov
chainis by explicitly computingthe distribution at successie time
stepsfor severaltime stepsusingz*+1 = Az®*) until thedistri-
bution corverges.

This leadsusto Algorithm 2, the Pover Methodfor computing
the principal eigervector of A. The Power Method s the oldest
methodfor computingthe principal eigervector of a matrix, and
is at the heartof both the motivation and implementationof the
original PageRanlalgorithm(in conjunctionwith Algorithm 1).



function#(™ = PowerMethod() {
720 — 7
repeat
g+l — Af(k);
§ = [[*H — ¥
until 6 < ¢;

}
Algorithm 2: Paver Method

Theintuition behindthe convergenceof the pover mehodis as
follows. For simplicity, assumethat the startvector z(*) lies in
the subspacepannedy the eigevectorsof A.! Thenz(®) canbe
written asa linearcombinationof the eigervectorsof A:

7O =@ + sz + ... + Qmiim 2
Sincewe know thatthe rst eigervalueof aMarkov matrix A1 = 1,
M = A7 = @ + agdotio £ ... + AmAmiim  (3)

and
2™ = A7 = @ + M bz + .+ AT (4)

Sinced, < ... < A < 1, A™Z© approachesi; asn grows
large. Therefore,the Pover Method convergesto the principal
eigervectorof the Markov matrix A.

4.2 Operation Count

A single iteration of the Powver Method consistsof the single
matrix-vector multiply AZ™*). Generally this is an O(n?) oper
ation. However, if the matrix-vector multiply is performedasin
Algorithm 1, thematrix M is sosparsehatthe matrix-vectormul-
tiply is essentiallyO(n). In particular the averageoutdeyree of
pageson the Web hasbeenfound to be around7 [15]. On our
datasetswe obseredanaverageof around8 outlinks perpage.

It shouldbe notedthatif s is closeto 1, thenthe pawver method
is slow to corverge, because: mustbe large before\} is closeto
0.

4.3 Resultsand Discussion

Whenthe teleportprobability 1 — ¢ is large (¢ < .85), andthe
personalizatiowectorp’is uniform over all pagestheeigengagor
the Markov matrix A is large? andthe Pover Methodworks rea-
sonablywell. However, for a large teleportprobability (and with
a uniform personalizatiorvector p), the effect of link spamis in-
creasedandpagescanachieve unfairly high rankings. In the ex-
tremecasefor ateleportprobabilityof 1—c = 1, theassignmenof
rankto pageshecomesuniform. Chakrabartetal. [5] suggesthat
¢ shouldbe tunedbasedon the connectiity of topicson the Weh
Suchtuning hasgenerallynot beenpossible asthe convergenceof
PageRankslows down dramaticallyfor smallvaluesof 1 — ¢ (i.e.,
valuesof ¢ closeto 1).

In Figurel, weshav thecorvergenceontheLARGEWEB dataset
of the Paver Methodfor ¢ € {0.90, 0.95} usingauniform g. Note
thatincreasing: slows down convergence.Sinceeachiterationof
the Paver Methodtakes 10 minutes,computingl00iterationsre-
quiresover 16 hours.NotethattheWebis estimatedo containover
abillion pagesusingthe Pover MethodonWebgraphscloseto the
sizeof thefull Webcouldrequireseveral daysof computation.

1This assumption does not affect convergence guarantees.
2Follows from the Irkhoff Inequality [8].
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Figure 1: Comparison of convergence rate for the standard
Power Method on the LARGEWEB dataset for ¢ = 0.90 and
c=0.95.

In the next sectionswe describehow to remove the errorcom-
ponentsof z(*) alongthe directionof @, ands, thusincreasing
the effectivenesof Paver Methoditerations.

5. AITKEN EXTRAPOLATION

5.1 Formulation

We begin by introducinganalgorithmwhichwe shallcall Aitken
Extrapolation. We develop Aitken Extrapolationasfollows. We
assumethat the currentiterate #*) can be expressedas a linear
combinationof the rst two eigervectors. This assumptiorallows
usto solve for theprincipaleigetvectori; in closedform usingthe
successie iteratesz® . .., #51+2),

Of course,z®) canonly be approximatecasa linear combina-
tion of the rst two eigervectors,so the @; that we computeis
only anestimateof thetrue @;. However, it canbe seenfrom sec-
tion 4.1 that this approximationbecomesncreasinglyaccurateas
k becomedarger.

We begin our formulationof Aitken Extrapolationby assuming
thatZ*) canbe expressedisa linear combinationof the rst two
eigervectors.

f<k) = U1 + anls (5)

Sincethe rst eigewvalue \; of aMarkov matrixis 1, we canwrite
thenext two iteratesas:

D = A7 = @) 4 asheii (6)
gD = A7FD = @ 4 aoN i 7
Now, let usde ne
g = (@Y =2l ®)
hi = $§k+2) — 21§k+1) + mi-k) 9)

wherex; representtheith componenbf thevectorZ. Doing sim-
ple algebrausingequations$ and7 gives:

gi = a3(he—1)°(u2); (10)
hi = as(A2— 1)2(u2)i (11)
Now, letusde ne f; asthequotients< :
) 2 —1)2 2
fi — & — O‘2()‘2 1)2(u2)ZA (12)
hz 042()\2 — 1) (UQ)Z

= az(u2); (13)



functionz* = Aitken(z(®)) {
gk+1) — Af(k);
gk+2) — Af(kﬂ);
fori=1:ndo
= D oy
hi =z QxEkH) + 2",

(%) = z® — gi/hi;

end
}
Algorithm 3: Aitken Extrapolation
Therefore,
f=asiis (14)
Hence from equations, we have a closed-formsolutionfor 4 :
i =29 — agity = &) — f (15)

However, sincethis solutionis basedon the assumptiorthat:?:““)
canbe written asa linear combinationof #; and-, equationl5
givesonly anapproximatiorto ;. Algorithm 3 and Algorithm 4
shav how to useAitk enExtrapolatiorin conjunctionwith thePaver
Methodto getconsistentlybetterestimate®f ;.

Aitken Extrapolationis equvalentto applying the well-known
AitkenA? methodor acceleratinginearly corvergentsequencef]
to eachcomponenbf the iterate#®). Whatis novel hereis this
derivation of Aitkenaccelerationandthe proof that Aitkenaccel-
erationcomputeghe principal eigervectorof a Markov matrix un-
der the assumptiorthat the power-iteration estimatez®) canbe
expressedsallinearcombinationof the rst two eigervectors.

As a sidenote et us brie y develop a relatedmethod. Rather
thanusingequation8, letusde ne g; alternatvely as:

gi = (@Y — i) (@D — 2y = afda (Mo — 1)% (u2)]

We de ne h asin equatior9, and f; nov becomes

P a3rz(A2 — 1)*(uz)?
‘ hi 042()\2 — 1)2(UQ)1'
= a22(u2)s
Therefore,
f: a2 A2
By equations,
iy = 2 — ap ety = 7Y — F

Again, this is an approximationto 1, sinceit's basedon the as-
sumptionthat #*) can be expressedas a linear combinationof
u1 and 2. Whatis interestinghereis that this is equvalentto
performinga second-ordeepsilonacceleratioralgorithmon each
componenbf theiteratez®). The epsilonalgorithmis introduced
in [21].

5.2 Operation Count

In orderfor an extrapolationmethodsuchasAitken Extrapola-
tion or EpsilonExtrapolationto be useful,the overheadshouldbe
minimal. By overheadwe meanary costsin additionto the cost
of applying Algorithm 1 to generatdterates. The rst two steps
of Algorithm 3 carry forward the Paver Methodfor two steps,so
the operationcountof the loop thatfollows givesusthe additional
overheador theextrapolationstepitself. It is clearfrom inspection
thattheoperatiorcountof thisloopis O(n), wheren is thenumber

functionz(™ = AitkenPowerMethod() {

70 =&
repeat

Fk+1) — Af(k);

6= ||t —¢*||y;

periodically #**% = Aitken(z™®);
until 6 < ¢;

}

Algorithm 4: Paver Methodwith Aitken Extrapolation

No Extrapolafion

Aitken Extrapolation -~

0.1 +

L1 residual

0.01 |

0.001 - - -
0 50 100 150 200

# of iterations

Figure 2: Comparison of convergence rate for unacceler-
ated Power Method and Aitken Extrapolation on the STAN-
FORD.EDU dataset, for ¢ = 0.99. Extrapolation was applied
every 10th iteration.

of pagesn theWeh Theadditionaloperationcountof oneextrap-
olation stepis lessthanthe operationcountof a singleiterationof
the Powver Method,andsinceAitk en Extrapolatiormaybe applied
only periodically we say that Aitken Extrapolationhas minimal
overhead. In our implementationthe additional costof eachap-
plication of AitkenExtrapolationwasnegligible — about1% of the
costof asingleiterationof the Paver Method(e.g.,1% of the cost
of Algorithm 1).

5.3 Resultsand Discussion

In Figure 2, we shav the corvergenceof the Pover Method
with Aitken Extrapolationappliedonceat the 10thiteration,com-
paredto the corvergenceof the unaccelerate@owver Method for
the STANFORD.EDU dataset. The z-axis denoteghe numberof
timesa multiplication AZ occurred;e.g.,the numberof timesAl-
gorithm 1 was needed. Note that thereis a spike at the acceler
ation step, but speedupoccursnevertheless. This is becausehe
seconceigevalueof the Webmatrixis likely comple. If thesec-
ond eigemvalue X2 of A is comple, thenthe third eigevalue A3
is the complex conjugateof 2. Therefore,|A3| = |A2| andthe
approximatiorgivenin equationb is a poorone.

While our approximatiorfor u, is apoorone,it hascomponents
in thedirectionof therealpartof u2, andsosubtractingt off does
speedup the convergenceof the Paver Method after a few itera-
tions. For ¢ = 0.99, Aitken Extrapolationtakes 38% lesstime to
reachan iteratewith a residualof 0.01. However, after this ini-
tial speedupthe convergenceratefor Aitken slows down, sothat
to reachaniteratewith aresidualof 0.002, thetime savingsdrops
to 13%. For lower valuesof ¢, Aitken provided muchlessbene t.
Sincethereis a spike in the residualgraph,if Aitken Extrapola-
tion is appliedtoo often, the power iterationswill not corverge.
For thesereasonsAitkenandEpsilonAccelerationarenot assuit-
able,for matriceswvhoseseconckigevalueis comple, asthenext



methodwe discuss.

In the next section,we presentquadraticextrapolation,which
addressethis problemby assumingz*) canbeexpressedhsallin-
earcombinationof the rst three eigevectors,andsolvingfor
in closedform underthis assumption.

6. QUADRATIC EXTRAPOLATION

6.1 Formulation

We develop the QuadraticExtrapolationalgorithm as follows.
We assumehatthe Markov matrix A hasonly 3 eigervectors,and
thatthe currentiterate ) canbe expressedasa linear combina-
tion of these3 eigervectors. Theseassumptionsillow usto solve
for theprincipaleigervector; in closedform usingthesuccessie
iteratesz(®, ..., #(F+3),

Of course,A hasmorethan 3 eigervectors,and #*) canonly
beapproximatedsalinearcombinatiorof the rst threeeigemvec-
tors. Thereforethe; thatwe computen thisalgorithmis only an
estimateor thetrue ;. We shav empiricallythatthis estimatds a
betterestimateto %; thanthecurrentiteratez*), andthatour esti-
matebecomesgloserto thetruevalueof @; ask becomedarger. In
Section6.3 we shaw that by periodically applying QuadraticEx-
trapolationto the successie iteratescomputedin PageRank for
valuesof ¢ closeto 1, we canspeedup the cornvergenceof Page-
Rankby afactorof over 3.

We bagin our formulationof QuadraticExtrapolationby assum-
ing that A hasonly threeeigermvectorsiiy, . . . , i3 andapproximat-
ing z*) asalinearcombinationof thesethreeeigervectors.

f(k) = U1 + agls + a3ls (16)

Wethende ne thesuccessk iterates

gD Az® 17)
g+ Az (18)
g+ Azt (19)

Sincewe assumeA has3 eigervectors,the characteristigolyno-
mial p4 () is givenby:

pa(N) =70 + 71X + 7227 + 32> (20)

A is a Markov matrix, sowe know thatthe rst eigewvalue \; =
1. The eigevaluesof A are alsothe zerosof the characteristic
polynomialp 4 (). Therefore,

pa(l)=0=y+mn+72+7 =0 (21)

The Cayley-Hamilton Theoremstatesthat ary matrix A satis es
it's own characteristiqgolynomialp 4 (A) = 0 [8]. Thereforeby
the Cayley-Hamilton Theoremfor ary vectorz in R,

pa(A)z =0= [yol + A+ 1A% +:34°%2=0  (22)
Letting z = £,
ol +71A+v2A% +434%)7F =0 (23)
Fromequationsl 7-19,
70Z® 4 4y ZETD gD o 28 g (0g)
Fromequation21,

P (=1 =72 —3) +ZF T 4oz * ) 4y 73 = 0 (25)

We mayrewrite this as,

(f(lﬁ-l) _ f(k))’n + (f(k+2) _ f(k))WQ + (f(k+3) _ f(k))'yg =0

(26)
Let usmale thefollowing de nitions:
g(kJrl) = g+ _ 2k (27)
g(k+2) = gk+2) _ 2(k) (28)
g‘(k+3) l—‘»(kJrS) _ f(k) (29)

We cannow write equation26 in matrix notation:
(gD gD g )5 -0 (30)

We now wishto solve for 4. Sincewe're notinterestedn thetrivial
solutiony = 0, we constrainthe leadingterm of the characteristic
polynomialys:

v3 =1 (31)

We may do this becauseconstraininga single coefcient of the
polynomial doesnot affect the zeros® Equation30 is therefore
written:

( GrtD  k+2) ) ( 3; ) _ _g»(k+3) (32)

This is an overdeterminedystem,so we solve the corresponding
least-squaregroblem.

( 71 > _ Y+g(k+3) (33)
Y2

whereY * isthepseudoimerseof thematrixy = ( gt**1  7++2)
Now, equations31, 33, and 21 completelydeterminethe coef-
cientsof the characteristipolynomialp 4 (\) (equation20).
Wemaynow divide pa (\) by A —1 to getthepolynomialga (A),
whoserootsare A\ and\s, thesecondwo eigervaluesof A.

F YA+ 7222 + 433
qA ()\) = fyo fyl )\ 121 fy3

Simplepolynomialdivision givesthefollowing valuesfor 8y, 31,
and3.:

=Bo+ BiA+ B2\ (34)

Bo = m+y2+s (35)
B = Y+ (36)
B2 = 73 (37)

Again, by the Cayley-Hamilton Theorem,if z is ary vectorin
R",
ga(N)z =1 (38)
whereti; istheeigevectorof A correspondingp eigervaluel (the
principaleigervector). Letting z = £*+1),
i = qaNFTY = [Bol + BiA + BA%F Y (39)
FromequationsL7-19,we geta closedform solutionfor i, :
@1 = Bo* ) 4 172D 4 gt (40)

However, sincethis solutionis basedon the assumptiorthat A has
only 3 eigervectors,equation40 gives only an approximationto
Us.

Algorithms 5 and 6 shav how to use QuadraticExtrapolation
in conjunctionwith the Powver Method to get consistentlybetter
estimatesf u;.

3l.e., equation 31 fixes a scaling for ~.



functionz* = QuadraticExtrapolation(z™*)) {
gk+1) — Af(k);
gk+2) — Af(kﬂ);
Fk+3) — Af(k+2);
forj=k+1:k+3do
79 = 20 _ 7.

end
Y = g<k+1) g<k+2) );
Y3 =1

71 > _ _Y+g»(k+3);

2

Yo =~ +72+73);
Bo=71+72+73;
B =72 +73;
B2 =13
o= ﬁoi,»(kﬂ) +ﬁlf(k+2) + 625(1@4-3);
}

Algorithm 5: QuadraticExtrapolation

function#™ = QuadraticPowerMethod () {
720 — é:
repeat
Zk+1) — Af(k);
§ = [[t*FD — t*)|s;
periodically #**% = QuadraticExtrapolation(z®);
until § < e;

}

Algorithm 6: Paver Methodwith QuadraticExtrapolation

6.2 Operation Count

The rst two stepsof Algorithm 6 carryforwardthePower Method
for two iterations. The additional overheadof performingthe ex-
trapolationstepcomesprimarily from the least-squaresomputa-
tion of v1 and~a:

( Y1 ) _ —Y+;J(k+3)
V2

It is clearthatthe otherstepsin this algorithmareeitherO(1) or
O(n) operations.

SinceY is ann x 2 matrix, we candotheleast-squaresolution
cheaplyin just 2 iterationsof the Gram-Schmidtalgorithm [20].
Thereforey; and~, canbecomputedn O(n) operationsWhile
a presentatiorGram-Schmidts outsideof the scopeof this paper
we shaw in Algorithm 7 how to apply Gram-Schmidto solve for
[v172]™ in O(n) operations Sincethe extrapolationstepis on the
orderof asingleiterationof thePover Method,andsinceQuadratic
Extrapolatioris appliedonly periodicallyduringthePover Method,
we say that QuadraticExtrapolationhas minimal overhead. In
our experimentalsetup, the overheadof a single application of
QuadraticExtrapolationis half the costof a standardpower iter-
ation(e.g.,half the costof Algorithm 1). Thisnumberincludesthe
costof storingon disk theintermediatedatarequiredby Quadratic
Extrapolation(suchasthe previousiterates) sincethey maynot t
in mainmemory

6.3 Resultsand Discussion

Of thealgorithmswe have discussedor acceleratinghecornver-
genceof PageRankQuadraticExtrapolationperformsthebestem-
pirically. In particular QuadraticExtrapolationconsiderablyim-
provesconvemgencerelative to the Pover Methodwhenthe damp-

1. Computethe reduced@R factorizationY = QR using2
stepsof Gram-Schmidit.

2. Computethevector—Q7y*+3)
3. Solve the upper triangular system R( 3; ) =

—QTy*+3) for ( 1; ) usingbacksubstitution.

Algorithm 7: Using Gram-Schmidto solve for v, and~,.

1 . i i ‘
No Extrapolation —&—
Quadratic Extrapolation -+
01}
E *
S
o
‘® *
o S
2 .
0.01 .
.
T,
"
"
.
*,
0.001 : \ ‘ ‘ L ‘
0 5 10 15 20 25 30 35 40

# of iterations

Figure 3: Comparison of convergence rates for Power Method
and Quadratic Extrapolation on LARGEWEB for ¢ = 0.90.
Quadratic Extrapolation was applied the first 5 times that three
successive power iterates were available.

ing factorc is closeto 1. We measuretheperformancef Quadratic
Extrapolationundervariousscenarioon the LARGEWEB dataset.
Figure 3 shaws the ratesof corvemgencewhenc = 0.90; after
factoringin overhead,QuadraticExtrapolationreducesthe time
neededo reacha residualof 0.001 by 23%#* Figure4 shawvs the
ratesof corvergencewhenc = 0.95; in this case,QuadraticEx-
trapolationspeedsip corvergencemoresigni cantly, saving 31%
in thetime neededo reacharesidualof 0.001. Finally, in thecase
wherec = 0.99, the speedufs moredramatic. Figure 5 shavs
the ratesof convergenceof the Paver Method and QuadraticEx-
trapolationfor ¢ = 0.99. Becausehe Pover Methodis soslow to
corverge, in this case,we plot the curves until a residualof 0.01
is reached.The useof extrapolationsaszes69% in time neededo
reacharesidualof 0.01; i.e.,theunaccelerateBover Methodtook
over 3timesaslong asthe QuadraticExtrapolatiormethodto reach
thedesiredresidual.

Figure 6 shavs the corvergencefor the Pover Method, Aitken
ExtrapolationandQuadraticExtrapolatioronthe STANFORD.EDU
datasetpachmethodwascarriedout to 200iterations.To reacha
residualof 0.01, QuadraticExtrapolationsaszed 59%in time over
the Power Method,asopposedo a38%savingsfor AitkenExtrap-
olation.

An importantobsenration aboutQuadraticExtrapolationis that
it doesnotnecessarilyeedto be appliedtoo oftento achieve max-
imum bene t. By contractingthe errorin the currentiteratealong
the direction of the secondand third eigevectors,QuadraticEx-
trapolationactually enhanceghe convergenceof future applica-
tions of the standardPaver Method. The Ponver Method, as dis-
cussedpreviously, is very effective in annihilating error compo-
nentsof theiteratein directionsalongeigervectorswith smalleigen-

4The time savings we give factor in the overhead of applying extrapolation,
and represent “wall-clock” time savings.
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Figure 4: Comparison of convergence rates for Power Method
and Quadratic Extrapolation on LARGEWEB for ¢ = 0.95.
Quadratic Extrapolation was applied 5 times.
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Figure 5: Comparison of convergence rates for Power Method
and Quadratic Extrapolation when ¢ = 0.99. Quadratic Ex-
trapolation was applied all 11 times possible.

values. By subtractingoff approximationgo the secondandthird
eigervectors,QuadraticExtrapolationeaveserrorcomponentpri-
marily alongthe smallereigervectors,which the Pover Methodis
betterequippedo eliminate.

Forinstancein Figure7, we plotthecorvergencevhenQuadratic
Extrapolationis applied5 timescomparedvith whenit is applied
asoftenaspossible(in this case,14 times), to achieve aresidual
of 0.001. Note that the additionalapplicationsof QuadraticEx-
trapolationdo not leadto muchfurtherimprovement.In fact,once
we factorin the 0.5 iteration-cosbf eachapplicationof Quadratic
Extrapolationthe casewhereit wasapplied5 timesendsup being
faster

Onethingthatis interestingo noteis thatsinceacceleratiooay
be appliedperiodicallyduring ary iterative procesghatgenerates
iteratesz(*) that corverge to the principal eigervector @ , it is
straightforvardto useQuadraticExtrapolationin conjunctionwith
othermethoddor acceleratingPageRanksuchasGauss-SeidgP].

7. MEASURES OF CONVERGENCE

In this section,we presentempirical resultsdemonstratinghe
suitability of the L, residualevenin thecontet of measuringon-
vergenceof induced document rankings. In measuringthe con-
vergenceof the PageRankvector prior work hasusuallyrelied on
6 = ||Az® — z®||,, the L, norm of the residualvector for
p = 1 orp = 2, asanindicatorof convergence.Giventheintended
application,we might expectthata bettermeasureof corvergence
is the distance usingan appropriateneasuref distancepetween
therankordersfor queryresultsinducedby Az*) andz(®. In par
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Figure 6: Comparison of convergence rates for Power Method,
Aitken Extrapolation, and Quadratic Extrapolation on the
STANFORD.EDU dataset for ¢ = 0.99. Aitken Extrapolation
was applied every 10th iteration, Quadratic Extrapolation was
applied every 15th iteration. Quadratic Extrapolation per-
forms the best by a considerable degree. Aitken suffers from
a large spike in the residual when first applied.
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Figure 7: Comparison of convergence rates for Quadratic Ex-
trapolation on LARGEWEB for ¢ = 0.95, under two scenarios:
Extrapolation was applied the first 5 possible times in one case,
and all 14 possible times in the other. Applying it only 5 times
achieves nearly the same benefit in this case.

ticular, we de ne belov a distancemeasureKDist, basedon the
Kendalls-r rank correlationmeasurefor comparinginducedrank
orders.To seeif theresidualis a“good” measuref corvergence,
we comparedt to the KDist of rankingsgeneratedy Az and
#®). We shav empirically thatin the caseof PageRankcompu-
tations,whenusingthe L1 norm, §; is nearly perfectlycorrelated
with the KDist distancebetweemueryresultsgeneratedisingthe
valuesin Az andz®.

Wede ne thedistancameasureKDist asfollows. Considetwo
partially orderedists of URLs, 7 and,, eachof lengthm. LetU
be the union of the URLs in 7 andr,. If §isU — 7, thenlet 7/
be the extensionof 7, wherer’ containss appearingafter all the
URLsin 7.5 We extendr, analogouslyto yield 7, KDist is then
de ned as:

KDist(7,74) =
[{(u,v) : 7', 7, disagreeon orderof (u,v),u # v}|
(uh(ul =1y

In otherwords, KDist(7, 74) is the probabilitythat " andr; dis-
agreeontherelative orderingof arandomlyselectedair of distinct

(41)

5The URLs within are not ordered with respect to one another.
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Figure 8: Comparison of the L; residual vs. KDist residual of
PageRank iterates. Note that the two curves nearly perfectly
overlap, suggesting that in the case of PageRank, the easily cal-
culated L residual is a good measure for the convergence of
query-result rankings.

nodes(u,v) € U x U. An analysisof variousmeasure®asedn
Kendalls-r for comparingop- listsis givenby Faginetal. in [7].
To measurehe corvergenceof PageRankterationsin termsof
inducedrank orders,we measuredhe KDist distancebetween
the inducedrankingsfor thetop 1,000results,averagedacross36
testqueries,using successie power iteratesfor the LARGEWEB
datasetwith the dampingfactor ¢ setto 0.9. The averageKDist
values,aswell asthestandardesidualvalued;, normalizedsothat
do is 1, areplottedin Figure8. Interestingly ¢ is almostperfectly
correlatedwith KDist. Faginetal. shav in [7] thatdistancemea-
sureshasedn Kendalls-r areboundedy atrue metric,providing
insightasto why theresultsof Figure8 areto be expected.

8. RELATED WORK

8.1 FastEigenvector Computation

The eld of numericallinearalgebras amature eld, andmary
algorithmshave beendevelopedfor fasteigervectorcomputations.
However, mary of thesealgorithmsareunsuitablédor this problem,
becausehey require matrix inversionsor matrix decompositions
thatareprohibitively expensve (bothin termsof sizeandspaceJfor
amatrix of the sizeandsparsityof the Web-link matrix. For exam-
ple,inverseiteration will nd theprincipaleigevectorof A in one
iteration,sincewe know the rst eigervalue.However, inverseiter-
ationrequiresheinversionof A, whichis anO(n?) operation.The
QR Algorithm with shiftsis alsoa standardastmethodfor solving
nonsymmetriceigervalue problems. However, the QR Algorithm
requiresa QR factorizationof A ateachiteration,whichis alsoan
O(n®) operation.The Arnoldi algorithmis alsooftenusedfor non-
symmetriceigemvalue problems.However, the strengthof Arnoldi
is thatit quickly computesestimatedo the rst few eigervalues.
Onceit hasa goodestimateof the eigervalues,it usesinverseit-
erationto nd the correspondingeigervectors. In the PageRank
problem,we know thatthe rst eigervalueof A is 1, sinceA is a
Markov matrix, sowe don't needArnoldi to give usanestimateof
A1. Foracomprehense review of thesemethodssee[8].

However, thereis a classof methodsfrom numericallinear al-
gebrathatare usefulfor this problem. We may rewrite the eigen-
problemAZ = & asthelinearsystemof equations{l — A)Z = 0,
andusethe classicaliteratve methodsfor linear systems:Jacobi,
Gauss-Seideland Successie Overrelaxation(SOR). For the ma-
trix A in the PageRankproblem,the Jacobimethodis equivalent
to the Pawver method,but Gauss-Seidek guaranteedo be faster

This hasbeenshavn empirically for the PageRankproblem|[2]
for the caseof Gauss-Seidel.Note, however, thatto use Gauss-
Seidel,we would have to sortthe adjaceng-list representatiomnf
the Web graph,so that back-linksfor pagesratherthanforward-
links, arestoredconsecutiely. The myriad of multigrid methods
arealsoapplicableo this problem.For areview of multigrid meth-
ods,see[16].

8.2 PageRank

Seminalalgorithmsfor graphanalysisfor Web-searchverein-
troducedby Pageetal.[17] (PageRankandKleinbeig [14] (HITS).
Much additionalwork has beendone on improving thesealgo-
rithmsandextendingthemto new searchandtext mining tasks[4,
6, 18, 3, 19, 11]. More applicableto our work are several pa-
perswhich discusshe computatiorof PageRanktself [10, 2, 13].
Haveliwala[10] exploresmemory-efcient computationandsug-
gestsusing inducedorderings,ratherthan residuals,to measure
corvergence. Arasu et al. [2] usesthe Gauss-Seideinethodto
speedup corvergence andlooks at possiblespeed-up$y exploit-
ing structuralpropertiesof the Web graph. Jehand Widom [13]
explorethe useof dynamicprogrammingo computea large num-
berof personalizedPageRankvectorssimultaneouslyOur work is
the rst to exploit extrapolationtechniquespeci cally designedo
speedup the corvergenceof PageRankyith very little overhead.

9. CONCLUSION

Web searchhasbecomean integral partof moderninformation
accessposingmary interestingchallengesn developingeffective
andefcient stratgiesfor rankingsearchresults.Oneof the most
well-knowvn Web-speci crankingalgorithmsis PageRank-atech-
nigue for computingthe authoritatvenessof pagesusingthe hy-
perlink graph of the Weh Although PageRankis largely an of-

ine computationperformedwhile preprocessingndindexing a
Webcrawl, beforeary querieshave beenissuedjt hasbecomen-
creasinglydesirabldo speedipthis computation Rapidlygrowing
crawl repositoriesjncreasingcrawl frequenciesandthe desireto
generatanultiple topic-basedPageRank/ectorsfor eachcrawl are
all motivating factorsfor our work in speedingip PageRankcom-
putation.

QuadraticExtrapolationis an implementationallysimple tech-
nigue that requireslittle additionalinfrastructureto integrateinto
the standardPowver Method. No sorting or modi cations to the
massive Web graphare required. Additionally, the extrapolation
stepneedonly be appliedperiodicallyto enhancehe convergence
of PageRankIn particular QuadraticExtrapolationworksby elim-
inating the bottleneckfor the Paver Method, namelythe second
andthird eigervectorcomponentsén the currentiterate thusboost-
ing the effectivenesof the simplePowver Methoditself.
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